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symmetriesAbstract The Dirac equation with shifted Hulthen potential in the presence of the Yukawa-like
tensor (YLT) and generalized tensor (GLT) interactions using supersymmetric quantum mechanics
(SUSYQM) is presented. The bound state energy spectra and the radial wave functions have been
approximately obtained in the case of spin and pseudospin symmetries. We have also reported some
numerical results and ﬁgures to show the effect of the tensor interactions. Furthermore, scattering
state solution under the generalized tensor (GLT) interaction is reported.
ª 2014 Production and hosting by Elsevier B.V. on behalf of University of Bahrain.1. Introduction
It is known that the concept of spin and pseudospin symme-
tries of the Dirac equation in nuclear and hadronic spectrosco-
pies have been great attention (Hassanabadi and Yazarloo,
2013) However, in order to investigate nuclear shell model,
the study of spin and pseudospin symmetries of the Dirac
equation has become an important area of research in nuclear
physics (Ginocchio, 2005). These symmetries have been intro-
duced many years ago in nuclear theory (Ginocchio, 2005,
Ginocchio, 2004) and have been used successfully to explain
the feature of deformed nuclei (Bohr et al., 1982)and superde-
formation (Dudek et al., 1987) and establish an effective shell-
model coupling scheme (Troltenier et al., 1995). Within theframework of the Dirac theory, spin symmetry arises if the
magnitude of the spherical attractive scalar potential S(r)
and repulsive vector potential V(r) is nearly equal, i.e.,
S(r)  V(r) [2-3]. On the other hand, the jargon pseudospin
symmetry refers to the case where the magnitude of the attrac-
tive Lorentz scalar potential S(r) and the repulsive vector
potential V(r) is equal but opposite in sign, i.e., S(r) = V(r)
(Ginocchio, 2005, 2004). In recent times many authors have
investigated the Dirac equation with various potential models
(Ikot, 2012; Hassanabadi et al., 2014; Wei and Dong, 2010a;
Setare and Nazari, 2009; Ikot et al., 2013; Oyewumi and
Akoshile, 2010). The spin symmetry in nuclear theory is usu-
ally referred to as a quasi-degeneracy of the single nucleon
doublets and can be characterized with the non-relativistic
quantum numbers n; l; j ¼ lþ 1
2
 




n,l and j are the single –nucleon radial, orbital and total
angular momentum quantum numbers for a single particle
respectively. Also, the pseudospin symmetry implies that
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2
 




ates. It had been shown that tensor interaction removes the
degeneracy between two states in the pseudospin and spin dou-
blets. However, due to the mathematical structure of the prob-
lem, different authors have devoted their investigation of the
Dirac equation with the as Coulomb-like (Wei and Dong,
2010b,c; Aydogdu and Sever, 2010) or Cornell interaction as
tensor interactions. Recently, Hassanabadi et al. (2012) ﬁrst
introduced the Yukawa tensor interaction and studied the
Dirac equation for Yukawa potential within spin and pseudo-
spin symmetries’ limits. In the present study, our aim is to
obtain the approximate analytical solutions of the Dirac equa-
tion for the scalar and vector shifted Hulthen potential
together with the YLT and GTI (combined Coulomb-like
and Yukawa-like) within the framework of spin and pseudo-
spin symmetries’ limits.
The Hulthe´n potential plays a signiﬁcant role in atom and
molecular physics (Bahar and Yasuk, 2013). It has also been
used to explain the electronic properties of some alkali halides
(Lu et al., 2012).Moreover, as it resembles the Coulomb interac-
tion in structure, it has also been investigated within the frame-
work of Dirac theory (Akcay, 2009). In this paper, we will
study the Dirac equation with shifted Hulthe´n potential with
spin-orbit coupling term quantum number j for spin and
pseudospin symmetries’ limit using SUSYQM (Cooper et al.,
1995). The paper is organized as follows. In Section 2, the Dirac
theory within the framework of spin and pseudospin symme-
tries’ limits is presented. Bound state solutions for YLT are pre-
sented in Section 3. Section 4 is devoted to the bound state
solutions with GLT. Discussions of the Numerical results are
given in Section 5. Finally,we give a brief conclusion in Section 6.
2. Theory of Dirac equation for spin and pseudospin symmetries
In the relativistic units (⁄= c= 1), the Dirac equation both
scalar S(r) and vector V(r) potentials read,
½a  pþ bðMþ SðrÞÞwðrÞ ¼ ½E VðrÞwðrÞ; ð1Þ
where E is the relativistic energy,M is the mass of a single par-
ticle, p^ momentum operator, a and b deﬁned as,
p^ ¼ ir; a ¼ 0 ri
ri 0
 




where I is the unit matrix and ri is the Pauli matrix. The total
angular momentum J and bK ¼ bða:Lþ 1Þ of a particle com-
mute with the Dirac Hamiltonian in a central ﬁeld, where L is
orbital angular momentum. The eigenvalues of the K^ are
j ¼  jþ 1
2
 




spin to a given total angular momentum j. The wave function
can then be classiﬁed according to the angular momentum j








where Fnj(r) and Gnj(r) are the upper and the lower compo-
nents of the wave function, Yljmðh;uÞ and Y
~l
jmðh;uÞ represent
the spherical harmonics, n is the radial quantum number, m
is the projection of the angular momentum on the z-axis and
lðlþ 1Þ ¼ jðjþ 1Þ; ~lð~lþ 1Þ ¼ jðj 1Þ, where l is the orbital
angular momentum spin quantum number and ~l is the orbitalangular momentum pseudospin quantum number respectively.















GnjðrÞ ¼ ½M Enj þ RðrÞFnjðrÞ; ð5Þ
where D(r) = V(r)  S(r) and R(r) = V(r) + S(r). By eliminat-
ing Gnj(r) in Eq. (4) and Fnj(r) in Eq. (5), we obtain two





































9>=>;GnjðrÞ ¼ 0: ð7Þ
where jðj 1Þ ¼ ~lð~lþ 1Þ, jðjþ 1Þ ¼ lðlþ 1Þ.
3. Bound state solutions
In this section, we intend to study the properties of the spin
and pseudospin symmetries’ limit using SUSYQM.
3.1. The spin symmetry limit with YLT
In the spin symmetry limit, dDðrÞ
dr
¼ 0 or D (r) = Cs= constant











 Mþ Esnj  DðrÞ
 
M Esnj þ RðrÞ
 
FsnjðrÞ ¼ 0; ð8Þ
where j= l for j< 0 and j= (l+ 1) for j> 0. We take









where the parameters Vs0, V
s
1 and b are real. In addition to the






where HY is the Yukawa parameter.
































 Mþ Esnj  Cs














1CAFsnjðrÞ ¼ 0: ð11Þ
48 A.N. Ikot et al.Eq. (11) cannot be exactly solved due to the appearance of
exponential and the centrifugal terms together. Therefore, we

























































































where bs ¼ Mþ Esnj  Cs
 
.



















HY þMVs1 þ EsnjVs1  CsVs1






























eEsnj ¼ Es2nj M2 þ Cs M Esnj  ð19Þ
In the SUSYQM formulation, the ground-state wave function
Fs0;jðrÞ is given by (Wei and Dong, 2009; Hassanabadi et al.,
2013) (see Appendix A for more detail)





in which the integrand is called the superpotential and the
Hamiltonian is composed of the raising and lowering opera-
tors as(Wei and Dong, 2009; Hassanabadi et al., 2013)
H ¼ bAþ bA ¼  d2
dr2
þ VðrÞ; ð21Þ






bAþ ¼  d
dr
WðrÞ; ð24Þ
VðrÞ ¼W2ðrÞ W0ðrÞ ð25Þ
Thus, we have to ﬁrst solve the associated Riccati equation
W2ðrÞ W0ðrÞ ¼ VeffðrÞ  eEs0;j; ð26Þ

























2  eEs0j ð28Þ
or more explicitly,eEs0;j ¼ ðqsÞ2 ð29Þ








þ ðAs þ BsÞ
s
; ð30Þ





Now based on Eq. (25), we can obtain the supersymmetric
partner potentials as,
VþðrÞ ¼


























þ psð Þ2  As
2ps
 !2 ð32Þ
Therefore, it is shown that V+(r) and V-(r) are shape invariant,
satisfying the shape-invariant condition
Vþðr; a0Þ ¼ Vðr; a1Þ þ Rða1Þ; ð33Þ
with a0 = p
s and ai is a function of a0, i.e., a1 ¼ fða0Þ ¼ a0  2b.
Therefore, an ¼ fða0Þ ¼ a0  2nb . Thus, we can see that the shape
invariance holds via a mapping of the form ps ! ps  2
b
. From


































The energy eigenvalues can be obtained as followseEsnj ¼ eEsnj þ eEs0;j; ð35Þ
where











By substituting Eqs. (31) and (36) into Eq. (35), we get
Es2nj M2 þ Cs M Esnj




Eq. (37) gives the energy equation for the shifted Hulthe´n
potential. Introducing the new variable of the form y ¼ e2rb ,













































where Nnj is the normalization constant. For the lower compo-
nent, we can simply use
GsnjðrÞ ¼
1







FsnjðrÞ: ð40Þ3.2. The pseudospin symmetry limit with YLT
In the pseudospin symmetry limit, dRðrÞ
dr
¼ 0 or R(r) = Cps=











 Mþ Epsnj  DðrÞ
 
M Epsnj þ RðrÞ
 
GpsnjðrÞ ¼ 0; ð41Þ
where j ¼ ~‘ and j ¼ ~‘þ 1 for j< 0 and j> 0, respectively.






























































1CAGpsnjðrÞ ¼ 0; ð43Þ
where e2ps ¼ Mþ Epsnj
 
M Epsnj þ Cps
 
and bps ¼ M Epsnj þ Cps
 
.



























































9>=>;GpsnjðrÞ ¼ 0; ð44Þ

















































The corresponding effective energy in this case iseEpsnj ¼ Epsnj 2 M2  Cps Mþ Epsnj ; ð49Þ








In this case, the coefﬁcients are explicitly given aseEps0j ¼ ðgpsÞ2 ð51Þ















From Eq. (A.2), we can obtain the supersymmetric partner
potentials as
VþðrÞ ¼































With the mapping being





















































Finally, the energy relation can be written as
Epsnj













1þ b2ðAps þ BpsÞ
q 
ð62Þ








































Aps  eEpsnj	 
;
wps2 ¼  b
2
4
Bps þ 2 eEpsnj	 
;
















GpsnjðrÞ: ð65Þ4. Pseudospin and spin symmetries’ limits under GLT interaction
In the following section, we intend to investigate the Dirac
equation with shifted Hulthen potential in the presence of
GLT interactions. The presence of GLT potential as the tensor
term in the Dirac equation also removes the degeneracies in
addition to the Coulomb-like and Yukawa-like tensor interac-
tions. Thus, it is pertinent to investigate this potential under
consideration with GLT as interaction term.
4.1. Pseudospin symmetry in the Dirac equation with GLT
The pseudospin symmetry occurs in the Dirac theory as
dRðrÞ
dr
¼ 0 or equivalently R(r) = Cps = const (Ginocchio,
2005, 2004). In order to ﬁnd the approximate analytical solu-
tion of the Dirac equation under the pseudospin symmetrylimit, we take the difference of the scalar and vector potentials
















In addition, we proposed a novel generalized tensor interaction
of the form,
UðrÞ ¼ ðUCðrÞ þUYðrÞÞ; ð67Þ
where UC(r) and UY(r) are the Coulomb–like and Yukawa-like









If we identify UC(r) as the standard Coulomb potential, the
potential parameter Hc is Coulomb parameter and HY is the
Yukawa potential.
Substituting Eq. (68) into Eq. (67), we obtained our pro-
posed GTI as,

































































It is well known that the above equation cannot be solved
exactly due to the centrifugal term r2. In order to get rid of
the centrifugal term, we make use of the following approxima-












































































































































































































c ¼ 2jHc þH2c Hc þ jðj 1Þ ¼ ðjþHcÞðjþHc  1Þ
¼ gjðgj  1Þ ! gj ¼ ðjþHcÞ ð78ÞeEpsnj ¼ M2 þMEpsnj MCps MEpsnj þ Epsnj 2  EpsnjCps ð79Þ
In order to solve Eq. (74), we have to ﬁrst solve the associated
Riccati equation
W2ðrÞ W0ðrÞ ¼ VeffðrÞ  eEs0;j; ð80Þ

























2  eEs0j ð82Þ
or more explicitly,eEs0;j ¼ ðqpsÞ2; ð83Þ
















Now based on Eq. (A.2), we can obtain the supersymmetric
partner potentials as,
VþðrÞ ¼





























Therefore, it is shown that V+(r) and V-(r) are shape invariant,
satisfying the shape-invariant conditionVþðr; a0Þ ¼ Vðr; a1Þ þ Rða1Þ; ð87Þ
with a0 = f
s and ai is a function of a0, i.e., a1 ¼ fða0Þ ¼
a0  2b
 
. Therefore, an ¼ fða0Þ ¼ a0  2nb
 
. Thus, we can see
that the shape invariance holds via a mapping of the form
fps ! fps  2
b
 
. From Eq. (A.5), we have















































By substituting Eqs. (90) and (83) into Eq. (89), We get
eEsnj ¼  ðanÞ2 Dps2an
 !2
: ð91Þ
Substituting Eqs. (76), and (78) into Eq. (91), we obtain the
energy equation for the shifted Hulthe´n potential as
Esnj
 2 M2 þ Cs M Esnj 
þ 1
b2
















1þ b2 Dps þHpsð Þ
q 
ð94Þ



















































where Nnj is the normalization constant. For the lower compo-
nent, we can simply use
FpsnjðrÞ ¼
1








52 A.N. Ikot et al.4.2. Spin symmetry in the Dirac equation with GLT
In the spin symmetry limit condition, we take the sum poten-
tial R (r) as the shifted Hulthen potential, the difference poten-
tial D(r) as constant and the tensor potential U(r) as the GTI















2 ;DðrÞ ¼ Cs;
















































































































































































































































eEsnj ¼  Mþ Esnj  Cs  M Esnj  ð107Þ
cs ¼ jðjþ 1Þ þ 2jHc þHc þH2c ¼ ðjþHcÞðjþHc þ 1Þ
¼ KjðKj  1Þ ! Kj ¼ ðjþHc þ 1Þ ð108ÞUsing the same procedure we obtain the energy equation in the
Dirac theory for the spin symmetry limits written as
Esnj
















The wave function can be obtained as follows:

















 2F1 n;nþ 2
ﬃﬃﬃﬃﬃ
ws3
p þ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1
4
þ ws1 þ ws3  ws2
r







Ds  eEsnj	 
;
ws2 ¼  b
2
4
Hs þ 2 eEsnj	 
;





where Nnj is the normalization constant. For the lower compo-
nent, we can simply use
GsnjðrÞ ¼
1







FsnjðrÞ: ð114Þ5. Scattering state solution
In this section we are going to obtain the scattering properties
of Dirac equation for the shifted Hulthen potential under the
pseudospin and spin symmetries. First we consider the pseudo-
spin symmetry.
5.1. Scattering state solution for the pseudospin symmetry































A ¼ gjðgj  1Þ  2jHY þHY  2HCHY;
B ¼ 2HY
b2















Table 1 The energy of the spin symmetry in the presence of YTI.
l n, k State Esn;kðHY¼0Þ E
s





1 0, 2 0p3
2
4.941009893 4.938976489 0, 1 0p1
2
4.941009893 4.943778986
2 0, 3 0d5
2
4.947209317 4.943778986 0, 2 0d3
2
4.947209317 4.951209494
3 0, 4 0f7
2
4.955674003 4.951209494 0, 3 0f5
2
4.955674003 4.960486231
4 0, 5 0g9
2
4.965521537 4.960486231 0, 4 0g7
2
4.965521537 4.970650204
Table 2 The energy of the pseudospin symmetry in the presence of YTI.
~l n, k State Epsn;kðHY¼0Þ E
ps





1 1, 1 1s1
2
4.971883316 4.970112404 0, 2 0d3
2
4.971883316 4.973260354
2 1, 2 1p3
2
4.975879919 4.973260354 0, 3 0f5
2
4.975879919 4.978040648
3 1, 3 1d5
2
4.981196728 4.978040648 0, 4 0g7
2
4.981196728 4.983811863
4 1, 4 1f7
2
4.987107693 4.983811863 0, 5 0h9
2
4.987107693 4.989777087
Fig. 1 Wave functions in the pseudospin and spin symmetries’ limit in the presence and absence of YTI.
Effects of tensors coupling to Dirac equation 53By taking the wave function of the system of the following
form
GpsnjðzÞ ¼ zb1ð1 zÞb2gpsnjðzÞ; ð118Þ











The solution of Eq. (119), is a hypergeometric function
gpsnjðzÞ ¼ 2F1ðg1; g2; g3; zÞ; ð120Þ
where
























k; k ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃepsp : ð123Þ
From Eqs. (118) and (120), we write the wave function of the
scattering states as











Here, to obtain the normalized constant and phase shifts we
apply the following properties of heypergeometric function
2F1ðg1; g2; g3; 0Þ ¼ 1; ð125Þ
Fig. 2 Energy spectra in the pseudospin and spin symmetries versus b for YTI interaction.
Fig. 3 Energy spectra in the pseudospin and spin symmetries versus HY for YTI.
54 A.N. Ikot et al.2F1ðg1; g2; g3; zÞ ¼
Cðg3ÞCðg3  g1  g2Þ
Cðg3  g1ÞCðg3  g2Þ
 2F1ðg1; g2; g1 þ g2  g3 þ 1; 1 zÞ
þ ð1 zÞg3g1g2 Cðg3ÞCðg1 þ g2  g3Þ
Cðg1ÞCðg2Þ
 2F1ðg3  g1; g3  g2; g3  g1  g2 þ 1; 1 zÞ: ð126Þ
From the properties of the hypergeometric functions for











where we have used the following relationg3  g1  g2 ¼ ibk ¼ ðg1 þ g2  g3Þ	;
g3  g1 ¼ b1 þ
ib
2
k ﬃﬃﬃﬃc3p ¼ g	2;
g3  g2 ¼ b1 þ
ib
2












 sin krþp2þdps	 
: ð129Þ
By comparing Eq. (129) with the boundary condition (Landau
and Lifshitz, 1977) r!1) Gpsnjð1Þ ! 2 sin kr jp2 þ dpsj
 
phase shifts and the normalized constant can be given by
Fig. 4 Energy spectra in the pseudospin and spin symmetries versus V0 for YTI.
Table 3 The energy of the spin symmetry in the presence of GTI.
l n, k State Esn;kðHc¼HY¼0Þ E
s





1 0, 2 0p3
2
4.941009893 4.937733858 0, 1 0p1
2
4.941009893 4.947209317
2 0, 3 0d5
2
4.947209317 4.941009893 0, 2 0d3
2
4.947209317 4.955674003
3 0, 4 0f7
2
4.955674003 4.947209317 0, 3 0f5
2
4.955674003 4.965521537
4 0, 5 0g9
2
4.965521537 4.955674003 0, 4 0g7
2
4.965521537 4.975740155
Table 4 The energy of the pseudospin symmetry in the presence of GTI.
~l n, k State Esn;kðHc¼HY¼0Þ E
s
n;kðHc¼HY¼0:5Þ n  1, k State Esn;kðHc¼HY¼0Þ Esn;kðHc¼HY¼0:5Þ
1 1, 1 1s1
2
4.971883316 4.969291407 0, 2 0d3
2
4.971883316 4.975482048
2 1, 2 1p3
2
4.975879919 4.971450277 0, 3 0f5
2
4.975879919 4.980849415
3 1, 3 1d5
2
4.981196728 4.975482048 0, 4 0g7
2
4.981196728 4.986824094
4 1, 4 1f7
2
4.987107693 4.980849415 0, 5 0h9
2
4.987107693 4.992558832










C b1þ ib2 kþ
ﬃﬃﬃﬃ
c3
p  !; ð130Þ
Npsnj¼
1
C 1þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ14c1p  C b1þ
ib
2
k ﬃﬃﬃﬃc3p C b1þ ib2 kþ ﬃﬃﬃﬃc3p 
CðibkÞ
 : ð131Þ5.2. Scattering state solution for the spin symmetry
Now, we want to investigate the phase shifts and normalized
wave function of spin symmetry. If we consider two transfor-
mations, i.e., z ¼ 1 e2br and FsnjðzÞ ¼ zb
0
1ð1 zÞb02 f snjðzÞ,
























k0; k0 ¼ ﬃﬃﬃﬃﬃﬃﬃesp ;













Fig. 5 Wave functions in the pseudospin and spin symmetries’ limit in the presence and absence of GTI.
Fig. 6 Energy spectra in the pseudospin and spin symmetries versus b for GTI interaction.














ðB0  C0 þ esÞ;
A0 ¼ KjðKj  1Þ  2jHY HY  2HCHY;
B0 ¼  2HY
b2











 Vs1 Mþ Esnj  Cs
 
:
ð134ÞBy doing the same approach as the previous subsection, the
phase shifts and the normalized constant of spin symmetry
limit can be given by
dsj ¼ ðjþ 1Þ
p
2








C b01 þ ib2 k0 þ
ﬃﬃﬃﬃ
c03
p  !; ð135Þ
Nsnj ¼
1
C 1þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 4c01p 











Fig. 7 Energy spectra in the pseudospin and spin symmetries versus HY for GTI interaction.
Fig. 8 Energy spectra in the pseudospin and spin symmetries versus Hc for GTI interaction.
Effects of tensors coupling to Dirac equation 576. Numerical results
In this section we discuss about the effect of the tensor interac-
tions on the wave functions and energy of the Dirac equation.
In our calculations we have taken M= 5, b= 10, V0 = 0.9,
V1 = 2, Cps = 5 for the pseudospin symmetry limit and
M= 5, b= 10, V0 = 0.9, V1 = 2, Cs = 5 for the spin sym-
metry limit.6.1. The effect of Yukawa-like tensor interaction
To show the effect of YTI on the energy eigenvalues and the
wave functions of the system we have calculated numericalresults for different states both in pseudospin symmetry and
spin symmetries’ limits as shown in Tables 1 and 2 respectively.
We can see that there are degeneracies among energy levels in
the absence of GTI such as (1p3/2, 0f5/2), (1s1/2,0d3/2), . . . in
pseudospin symmetry and (0p3/2,0p1/2), (0d5/2,0d3/2), . . . in the
spin symmetry limits and when the GTI appears these degen-
eracies remove. Fig. 1 shows the effect of GTI on the compo-
nents of Dirac spinors. The effect of the parameters b,HY and
V0 on the energy of the pseudospin symmetry limit for
1p3/2,0f5/2,1d5/2,0g7/2 and spin symmetry limits for 0d5/2,
0d3/2,0f7/2,0f5/2 is plotted in Figs. 2–4. We can see that when the
parameter b increases the energy of the pseudospin symmetry
(spin symmetry) becomes less (more) bounded, and
when V0 increases the energy of spin symmetry and pseudospin
Fig. 9 Energy spectra in the pseudospin and spin symmetries versus V0 for GTI interaction.
58 A.N. Ikot et al.symmetry has an increasing behavior. It is clear that when
HY = 0, (1p3/2,0f5/2) and (1d5/2,0g7/2) [(0d5/2,0d3/2) and
(0f7/2, 0f5/2)] are degenerated in the pseudospin symmetry (spin
symmetry).
6.2. The effect of generalized tensor interaction
In Tables 3 and 4 the energy of the Dirac equation in the
absence and presence of YTI is reported. Fig. 5 shows the
lower and upper components of the Dirac spinors under the
pseudospin and spin symmetries’ limits. The energy spectrum
in the pseudospin symmetry and spin symmetry versus b is rep-
resented in Fig. 6. By taking Hc = 0.5 we have plotted the
behavior of the energy of the system versus VY in Fig. 7 for
both pseudospin symmetry and spin symmetry. When
VY = 0, (1d5/2,0f5/2) in the pseudospin symmetry and (0d3/2,
0f7/2) in the spin symmetry are degenerated. In Fig. 8, by
choosing VY = 0.5 we have presented the effect of Hc on the
energy of the pseudospin symmetry and spin symmetry. We
can see that in the case of Hc = 0 we have degeneracies
between (1d5/2, 0f5/2) in the pseudospin symmetry and (0d3/2,
0f7/2) in the spin symmetry. And ﬁnally the effect of parameter
V0 on the energy of the system is shown in Fig. 9. It is seen that
as V0 increases the energy of the pseudospin symmetry and
spin symmetry increases.7. Conclusions
In this work, we have studied bound and scattering state
solutions of Dirac equation for the shifted Hulthen poten-
tial under the spin and pseudospin symmetries and YTI
and GTI. We have obtained the energy eigenvalues, nor-
malized wave function and scattering phase shifts approxi-
mately. We have presented our numerical results inTables 1–4 for YTI and GTI, and showed that the degen-
eracy between two states in spin and pseudospin symmetries
has been removed.Acknowledgements
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to proceed on a more continuous manner. In SUSUQM we
normally deal with the partner Hamiltonians, Cooper et al.





VðxÞ ¼ U2ðxÞ  U0ðxÞ: ðA:2Þ
In the case of good SUSY, i.e., E0 = 0, the ground state of the
system is obtained via
/0 ðxÞ ¼ CeU; ðA:3Þ





Next, if the shape invariant condition
Vþða0; xÞ ¼ Vða1; xÞ þ Rða1Þ; ðA:5Þ
where a1 is a new set of parameters uniquely determined from
the old set a0 via the mapping F:a0´ a1 = F(a0) and R(a1)
does not include x, the higher state solutions are obtained via








/0 ðan; xÞ; ðA:7Þ










þ Uðas; xÞ: ðA:9Þ
Therefore, this condition determines the spectrum of the
bound states of the Hamiltonian
Hs ¼  @
2
@x2
þ Vðas; xÞ þ Es: ðA:10Þ
and the energy eigenfunctions of
Hs/

nsðas; xÞ ¼ En/nsðas; xÞ; nP s ðA:11Þ
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